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The Essence of Forward-Mode AD

Taylor expansion:

(9, 199, , %9.., , 190
o 1 2! i
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The Essence of Forward-Mode AD

Taylor expansion:

(9, 199, , %9.., , 190
o 1 2! i
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To computeD f c:
o evaluatef

Pearlmutter & Siskind (Hamilton & Purdue) Lazy Multivariate Higher-Order Forward AD POPL/January 2007 3/1F



The Essence of Forward-Mode AD

Taylor expansion:

(9, 199, , %9.., , 190
o 1 2! i

fe+ )=

To computeD f c:
o evaluate at theterm c+
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The Essence of Forward-Mode AD

Taylor expansion:

(9, 119, , %9.., , 190
o 1 2! i

fe+ )=

To computeD f c:
o evaluatd at theterm c+ " to get apower series
o extract the coef cient of , and
o multiply by 1!
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The Essence of Forward-Mode AD

Taylor expansion:

f f f0 £
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||i+

To computeD f c:

o evaluatd at theterm c+ " to get apower series
o extract the coef cient of , and
o multiply by 1! (noop).
Key idea: Only need output to be aite truncatedoower seriesi+ b".
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The Essence of Forward-Mode AD

Taylor expansion:

f f f0 £
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To computeD f c:

o evaluatd at theterm c+ " to get apower series

o extract the coef cient of , and

o multiply by 1! (noop).
Key idea: Only need output to be aite truncated power series+ b".
The inputc + " is also a truncated power series.
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o extract the coef cient of , and

o multiply by 1! (noop).
Key idea: Only need output to be aite truncated power series+ b".
The inputc + " is also a truncated power series.
Can do anonstandard interpretationf f over truncated power series.
Preserves control ow: Augmentsiginal valueswith derivatives
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Taylor expansion:
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To computeD f c:

o evaluatd at theterm c+ " to get apower series

o extract the coef cient of , and

o multiply by 1! (noop).
Key idea: Only need output to be aite truncated power series+ b".
The inputc + " is also a truncated power series.
Can do anonstandard interpretationf f over truncated power series.
Preserves control ow: Augments original values with derivatives.
(D f) is O(1) relative tof (both space and time).
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The Essence of Forward-Mode AD

Taylor expansion:

f f f0 £
(o= 10,109, o, 100

||i+

To computeD f c:

o evaluatd at theterm c+ " to get apower series

o extract the coef cient of , and

o multiply by 1! (noop).
Key idea: Only need output to be aite truncated power series+ b".
The inputc + " is also a truncated power series.
Can do anonstandard interpretationf f over truncated power series.
Preserves control ow: Augments original values with derivatives.
(D f) is O(1) relative tof (both space and time).
Thesea+ b" are calleddual numbersnd can be representedtasbi .
(Analogous to complex numbeast+ bi represented ds; bi.)
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Arithmetic on Truncated Power Series (i.e. Dual Numbe

(Xo+ X"+ O(")) +(yo+ y1i"+ O(")) = (X0 + Yo) + (X1 + y))" + O("?)
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Arithmetic on Truncated Power Series (i.e. Dual Numbe
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Arithmetic on Truncated Power Series (i.e. Dual Numbe

(Xo+ X"+ O(")) +(yo+ y1i"+ O(")) = (X0 + Yo) + (X1 + y))" + O("?)

(Xo+ X"+ O("%))  (Yo+ y1"+ O("9)
=(X% Yo)+(% Yi+x Yo)'+ O("?

u(Xo+ X"+ 0("))=(ux)+(x1 (Wx))"+ O("?

b ((Xo+ X"+ O("?)); (Yo + y1" + O("?))
=(b(xo;yo) +(x1  (bF2 (xo;yo)) + yi (69D (x0;y0)))" + O("?)

Non-truncated is harder: Cannot ign@p¢"?)s.
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Higher-Order Derivatives via Iteration

Difcz(lo_{z_(g f) )c
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Higher-Order Derivatives via Iteration

Difcz(lo_{z_(g f) )c

f:R! R.
(D f) lifts f to D(R) ! D(R).
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Higher-Order Derivatives via Iteration

Difcz(lo_{z_(g f) )c

f:R! R.
(D f) lifts f to D(R) ! D(R).
(D (D f)) lifts f to D(D(R)) ! D(D(R)).

Pearlmutter & Siskind (Hamilton & Purdue) Lazy Multivariate Higher-Order Forward AD POPL/January 2007 SYNIE



Higher-Order Derivatives via Iteration

Difcz(lo_{z_(g f) )c

f:R! R.
(D f) lifts f to D(R) ! D(R).
(D (D f)) lifts f to D(D(R)) ! D(D(R)).

Need mechanism to support arbitrary nesting of power series.
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Higher-Order Derivatives via Taylor Expansion

Taylor expansion:

f(© , 199, , 9.2,

fle+ ™)== 1 21

To computeD' f c:

. 0 (c)

Ili +
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Higher-Order Derivatives via Taylor Expansion

Taylor expansion:
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o evaluatd at theterm c+ " to get apower series
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Higher-Order Derivatives via Taylor Expansion

Taylor expansion:
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Higher-Order Derivatives via Taylor Expansion

Taylor expansion:

Ili +

To computeD' f c:
o evaluatd at theterm c+ " to get apower series
@ extract the coef cient of', and
o multiply by i! (not a noop).

Good news Theinputc+ " is (a special case of) a power series.
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Higher-Order Derivatives via Taylor Expansion

Taylor expansion:

To computeD' f c:
o evaluatd at theterm c+ " to get apower series
@ extract the coef cient of', and
o multiply by i! (not a noop).

Good news The inputc + " is (a special case of) a power series.
Can do anonstandard interpretatioof f overpower series
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Higher-Order Derivatives via Taylor Expansion

Taylor expansion:

0 (i)
f(c+")= f(()? + f(;(!c)" + fgc),,2+ + 7 i!(C)

Ili +

To computeD' f c:
o evaluatd at theterm c+ " to get apower series
@ extract the coef cient of', and
o multiply by i! (not a noop).

Good news The inputc + " is (a special case of) a power series.
Can do anonstandard interpretationf f over power series.
Bad news The power series may he nite .

Pearlmutter & Siskind (Hamilton & Purdue) Lazy Multivariate Higher-Order Forward AD POPL/January 2007



Solution: Represent Power Series as Lazy Streams

left + right"
L !
f(c) left + right"
o H
o H H
fqc) left + right"
1! HH
f¢c) .
2! left + right"

(0 (c)
i!
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Only the right branch need be lazy.
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Only the right branch need be lazy.

APIL: (Q " p) computegjuotientof P analogous to forcingdr .
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Solution: Represent Power Series as Lazy Streams

left + right"
L y
f(c) left + right"
o H
0! H H
f9c) left + right"
1! HH
o) :
2! left + right"

(0 (c)
i!

Only the right branch need be lazy.

APIL: (Q " p) computegjuotientof P analogous to forcingdr .

" p

(R " p) computesemainderof .-, analogous tear .
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Higher-Order Multivariate Derivatives

Multivariate Taylor expansion:

i ! @ @n
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Higher-Order Multivariate Derivatives

Multivariate Taylor expansion:
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Higher-Order Multivariate Derivatives

Multivariate Taylor expansion:

XX 1 @ tef(xgiix)
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i1=0 in=0 X1= C1;2:5 %= Cn

To computeDlz=inl f [cq: 10 el
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Higher-Order Multivariate Derivatives

Multivariate Taylor expansion:
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Higher-Order Multivariate Derivatives

Multivariate Taylor expansion:

o evaluate at(cy + "1);:::;(cn+ "n) to get amultivariate power series,
@ extract the coef cient of ;2 ",
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Higher-Order Multivariate Derivatives
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n) to get amultivariate power series,
@ extract the coefcient of 't ",in, and
o multiply byii! ipl.
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Higher-Order Multivariate Derivatives

Multivariate Taylor expansion:

. . A T l
i1=0 |n:0|1! In! @q" @' X1= 151 %= Cn
To computeD il £ [cq; 111 ¢
o evaluate at(cy + "1);:::;(cn+ ") to get amultivariate power series,

@ extract the coef cient of 't ",in, and
o multiply byii! ipl.

Good news Can do anonstandard interpretatioof f overmultivariate
power series.

Bad news Need adistinct"; for each argument df
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Higher-Order Multivariate Derivatives

Multivariate Taylor expansion:

f((ce+ "1)iiin(cn+ ")) =

X‘ X‘ 1 @+ +|nf(X1 ..... )
il i @t @n'n f= s G

i1:0 inZO

To computeDlz=inl f [cq: 10 ¢l
o evaluate at(cy + "1);:::;(cn+ ") to get amultivariate power series,
o extract the coef cient ofl'l ".n and
o multiply byii! ipl.

Good news Can do anonstandard interpretatioof f overmultivariate
power series.

Bad news Need adistinct"; for each argument df
(and for each nested invocationDf even in the univariate casg
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Lazy Multivariate Higher-Order Forward AD

Multivariate Power Series as Nested Univariate Power Serie
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Multivariate Power Series as Nested Univariate Power Serie

Y
left + right" ) left + right" 1
M, left + right', "
left + right' _ IefoH+ fight', . left+ right's
H - HH
H _ H# _
2 R left + right* 1
left + right" left +H”ghf 2 H
Hy "
Flnsin) (cq; iy en)
il ip!

The left-branching depth is limited by the number of distihc
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The left-branching depth is limited by the number of distihc

Only the right branch need be lazy.

The samdQ " p) and(R " p) API is suf cient.

Good news Each higher-order partial derivative appeexsctly once
Bad news Need togeneratea distinct type or tag for each.

Cannot do this in a referentially transparent language.

Painfully ironic : CannotimplemenD in a referentially transparent language even
thoughD itself is referentially transparent!
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@ Binary primitives can be curried when arguments are power series ov
different”s.

@ Canrenamewhen arguments are power series over the same
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o Read the paper for the details.
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Functional programming has had little impact on numerical computing

(]

Many important numeric concepts are higher-order functions.

For functional programming to interest numerical computing, it shoulc
provide useful numeric constructs.

For instanceexact ef cient derivatives!

We have shown how to implement an unrestricted multivariate
higher-order derivative operator using forward-mode AD.
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Contingency Slides
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Forward AD of Non-Scalar Functions

Discussed scalar functions for expository simplicity
@ Can generalize higher-order scalar derivative

D:N (R! R)! (R! R)
to higher-order vector directional derivative
J:N (R"' RM! (R" R"T RM

@ using same mechanisms: nd directiondh derivatived if ¢ <of
f:R"! RMatc: R"in directionc®: R" by calculating

—_— Oll .....
y=flci+ " i ent C

and extracting
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Representation and Factorials: A Technicality

Two alternatives for representing

X(n) - X0+ X]_" + X2"2+ X3"3+
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hx(0); Y 0); °?0); e %); : : :iiii
= Ol Xo hl! X 2! xo; h8! X i
= o, X, 2 Xo; 6 Xg; il

o ldentical in truncated case
o Fungible: trade off which “left shift” is fast,

Q" x(")= 2(x(") X0) or d

dll

x(")
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Observation |

D( x:::[X]::)c D(y::[yl:9c
Observation 11

D(x:::(D(y:X[:]yl:)e):i)c
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referential transparency) x=vy (8 case}
X=y =) X+X=X+y
X+ X= x+y =) getting the wrong answer
therefore

getting the right answer) : referential transparency

(Gops)
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